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1 Introduction

We consider the following 2D problem: given a test pofhbn a plane and an
ellipseE, find the point of the ellipse which is the closest to the test point.

This problem occurs in several contexts. The first one is to geopositioning.
Planet bodies are often roughly modeled as biaxial ellipsoids, i.e. ellipsoids having
a rotational symetry axis (the polar axis). For such shapes, the meridian planes are
ellipses. Given a point position in 3D cartesian coordinates, we want to compute
the longitude, geodesic latitude and altitude. The last two data are obtained by
solving this kind of problem. Another context was encountered while computing
approximations of graphical representations of 3D circles on a 2D display. In order
to build an error model of a&ier-based approximation of the ellipse, the distance
of thousands of approximated curves had to be computed. This later problem is
described in another technical note which is available on the same place as this
one.

The latest version of this document is always available in the SpaceRoots site
downloads page dittp://www.spaceroots.org/downloads.html t
can be browsed on-line or retrieved as a PDF, compressed PostScript or LaTeX
source file.

2 Problem description

We will use the traditional notations used in geodesy to describe the problem. We
assume the case of longitudiehas already been solved usikg= atan2y,x) and
that the remaining problem has been restricted to the 2D meridian plane using the
coordinates = \/x2+y2 andz

We consider a test poirh and an ellipseE. After a suitable coordinates
change, we can consider the coordinates of the test point in the canonical reference
frame of the ellipse. This frame is centered on the ellipse center, has its absissae
axis along the major axis and has its ordinates axis along the minor axis. In this
reference frame, the coordinatesffre (r,z). Using suitable axes orientations,
we can arrange to have-= 0. This assumptiois used in the following equations.

The ellipse is defined by its semi-major axisais and either its flattenind
(0< f < 1) or its semi-minor axis, = ag(1— f).

The signed distance between the point and the ellipsed the inclinatiorp
of the projection of the point on the ellipse are related to the cartesian coordinates:

;

r= ac +h | cosp
J1-f2—f)sifo
(1) ,
z= (-1 +h | sing
J1-f@-D)sire



Figure 1: coordinates definition
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In the geopositioning domaie is the equatorial radius of the body, is the
polar radiush is the altitude above the ellipsoid (negative when the point is below
the surface of the ellipsoid) andis the geodesic latitude.

The equation (1) is easy to apply wharand ¢ are known and andz are
desired, but it is impossible to reverse in the general case. It can be reversed in the
specific case whetteis known to be null:

2) h=0= ¢ =atan2zr(1- f)?)

3 Preliminary results

3.1 Special case handling: center or the ellipse

A special case we will disgard in the algorithm is the ellipse center. This point is
easily detected in a preliminary check using a test {iké + Z2 < &;. The ellipse
points closest to the center are both endpoints of the minor axis, we arbitrarily
select the point having > 0: ¢ = +7, h=—(1—f)ae.

3.2 Inside/outside check

Given a test poinA, it is very simple to check if it lies inside the ellipse or outside
of it. This check is done by computing the sign of expression:

@ @)+ () -

the point is outside if the sign is positive, inside otherwise.



3.3 Intersection between a line and an ellipse

Lets consider a line having sloeand containing the test poiAt

Figure 2: line/ellipse intersection

For well chosent values, this line intersects the ellipse. Let Z) be the
cartesian coordinates of the intersection péift):

r' =r —kcos(
@ { Z =z—ksin

wherek is the signed distance between the test péirind the intersection
point P(¢). k is positive if the test point is outside of the ellipse and negative
otherwise. Note that the sign &fimplies the choice of the line orientation, so
depending on the test point location inside or outside of the ellipse, we have to
choose eithef or t— ¢; the following equations take care of this choice. Since the
intersection poinP(¢) belongs to the ellipse, its coordinates verify equation:

(&) + () -

introducing the test point coordinates and the signed distiance

r —kcost 2 z—ksinl 2
() () -
& (1-1)?[(r—kcos{)? —a2] + (z—ksin{)>=0
a= (1— f)?cog¢+sinf
(5) & ak®—2bk+c=0 where { b= (1— f)?rcosl+zsinl
c=(1-H>2r2-ad)+2



4 |terative method

We intend to computé and¢ from r andz using a very quick iterative method
based on a suite of lines containing the test pdiand intersecting the ellipse on
varying pointsP(¢n). The lines will converge to the projection line.

4.1 |Initialization

When theA point is not at the center of the ellipse, we initialize the algorithm using
a first line containing both the test poifstand the center of the ellipse. The cosine
and sine of this line slopéy are defined by equation (6). Note that we do not
computel itself, to avoid numerical problems wher« z (i.e. when we are close

to the minor axis), we also computg= tano/2 = sin{o/(1 — cos(g) directly
from cogp and sirgg (using a stable formula when cs>= 0) as we will need

it soon.

r
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(6) sino = iz
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Regardless of its slope, this line is known to have exactly two intersections
with the ellipse. We choose the closest one toAhmoint, which corresponds to
the smallest root of binomial equation (5) in absolute value.

Since 1- f > 0, co<p > 0 andzsin{p > 0, we can deduca > 0 andb > O.
This implies that when the binomial has real roots, their sum is strictly positive, so
the smallest root in absolute value is also the smallest root in algebric value.

The classical expression for the smallest root is:

b—+vb?—ac
ko—f

However, this expression is not numerically accurate whfer> ac because
in involves computing something similar to— (b — €), leading to a numerical
cancellation wherg is too small. This case occurs when the test pdims very
close to the ellips&. The limit case is for a test points lying exactly on the ellipse,
for whichk=0is aroot s@ = 0.

The cancellation can be avoided even at the limit case by using the dual expres-
sion of the root:

(7) ko

_ c
b+ +vb?—ac

Since we knowb > 0, we know this expression is more stable than the other
one in all cases.



The first pointP(¢o) is computed frony andky using equation (4) and the
corresponding valugg is computed from equation (2).

If the test point is very close to the ellipse, we hgkg < £v/r2+ 22, for a given
threshold ratice. In fact, in this case any slope would have given the same point
sinceP(¢o) = A. There is no need to perform any iteration and we can directly
return the value$ = ¢y andh = kg.

4.2 lterations

At the start of each iteration, we have an ellipse pBifii,) and the corresponding
inclination ¢, the signed distande, # 0 betweerP(¢,) and the test poind and
the value ot, = tanl,,/2 where(, is the slope of the line joinin&(¢,) to the test
point.

If the estimateP(¢,,) were perfect, we would hawg, = ¢ andk, =h. If h#0
the circle centered on the test poilstwith radius|k,| would be tangent to the
ellipse. In our iterative process, the estimate is not perfect and the circle intersects
the ellipse at least at one other poR(,), §n # ¢n. Figures 3 and 4 show these
circle/ellipse intersections in two different situations. As shown by these figures,
there can be up to three intersection points in addition to the already known point

P(¢n).

Figure 3: interior point Figure 4: exterior point

The additional intersection points can be computed by introduciagand /2



in equation (5) an multiplying byl + 12)2. We get:

K[(1+1%)2 = f(2— f)(1-1%)7
—2K[(1— H)*r(1+13)(1—1%) +2z1(1+1%)]
+H(1- (P —ad) +Z)(1+1%)* =0
& ot 4B +yr? 4+ 8t +e=0
a=(1-H)%((r+k?-ad+7

B=—4kz
where { y=2[(1— f)?(r?—k®>—a2)+2k*+ 2]
0= —4kz

(6= (1121 —K?-ad) +2

This is a quartic equation for which we already know one rtypt: tan,, /2.
We can therefore reduce this equation to a normalized cubic polynomial by a sim-
ple coefficients identification (the value of the constant terafi the quartic is of
course not needed for this degree reduction):

B
= - +t
1 a—i—n
(8) C+at’+a1+a3=0 where a2:g+a1tn
a —§+at
3—a 2tn

The other circle/ellipse intersections are given by the real roots of equation (8).
In order to compute them, we compute first the discrimirnt

_ Bap— a2 R 9aya, — 27ag — 2a3
9 54

If D is positive, the following expressions compute the two real numbets
T and allow to deduce the unique real rét. We do not need the two complex
rootst, » andf, 3. This corresponds to the case depicted in figure 4. It also occurs
for interior points when we are close to the solution.

Q D=Q3+R

S={/R+V/QP+R T={R-V/QP+R

~ a

tn‘1:S+T—§1

o S+T & \/é(S—T)
) t’”“T‘?“T

P SHT a V3(S-T)

(™ T2 3 2




If D is negative, the three roots are all real ones. This corresponds to the case
depicted in figure 3. In this case, the trigonometric expressions of the root are
simpler to use:

- 0
th1= 2\/—Qcos§ — %

- 0+r2m a .
10 =2\/— —= with cosf=
(10) th2 Qcos 3 3 Q3
- 0-+4
th3 =2y/—Qcos +3 m_ %

For eachty; representing a circle/ellipse intersection, we compﬁ,ﬂ_eand
P(§ni) using equation (4). Since this point belongs to the ellipse we defiyice
using equation (2).

When there are three roots, only one of thdeads to a point on the same half
plane ¢ < 0 orz > 0) as the test poinA and the already known intersection point
P(¢n). We select this root and disgard the two other ones. This selection is done
by comparing the signs df, and®n;.

4.3 Selecting a new point for next iteration

We now have two point®(¢,,) andP($,) known to be both at signed distanke
from the test poinA. The ellipse points betwed?(¢,) andP(§,,) are all closer to
AthanP(¢,) andP(§,) (they are inside the circle). So selecting one point in this
elliptical arc as the next point ensurgg. 1| < |Kn|.

As can be noted from figure 4, when we are far from the solution, the elliptical
arc is not restricted to the angular sector bounded by the two (ihdX¢y)) and
(T,P(dn)), so we cannot use a simple interpolation betwé&gand,. We can
however interpolate betwedn, and®,,.

Once we are close to the solution, the circle is almost tangent to the ellipse,
so the elliptical arc between the two intersection point is small and has an almost
constant radius of curvature: it is very close to a circle. In this cB&@,) is
close to the symetrical d?(¢,) with respect to the true projection. We rely on
this asymptotical behavior to set up the selection scheme for the next iteration
inclination:

(11) s = 2t

In order to start the new iteration, we also need to comkuteandt,, 1 from
dnr1. The simplest way to do this is to compute first the vector joining the new

1a proper demonstration would be welcome here ...



intersection poinP(¢,1) to the test point:

Ar—r_ 3:COSPn+1
V- f(2—)siPon
(12) .
Are 7 (1— f)2aesindn,1

V1- 2 D)sifon
and to deduce the signed distance and the tangent of the half slope:

kn+1 — :t AI’Z + AZZ
(13) R
n+1 — 7Ar T kn+1

The sign ofk,, 1 is chosen to be negative when the test point is inside the ellipse
and positive otherwise, which is checked using equation (3). Here again, we do not
compute(,, 1 but directlyt,.; from the vector coordinates, again in order to avoid
numerical problems for points close to the minor axXjs{(+11/2) where the arc
tangent function accuracy is very bad in typical computers.

4.4 Convergence

Since at the end of each iteration we have an interval known to contain the solution,
and since we choose the middle of this interdalise), we can use its half-size
as a convergence criterion. We stop the iterations when:

(14) [on =8l £
2
whereg. is the convergence threshold.
When this threshold is met, we uge= ¢,.1 and we computdn using the
following expression which is true whenhas been found:

(15) h=r cosp +2zsing —ae/1— (2 f)sir¢

5 Order of the method

The numerical example in appendix shows that the error decreases very quickly.
Some experiments have been performed with a large number of significant digits
(100 digits). These experiments seem to show the method would be of order 2.
This order is not very impressive. However, the main strength of the method is that
its starts very quickly, even for very flat ellipses. The example shows that in a quite
difficult case we already have@l3 after only one iteration.

This order should be analyzed more precisely.



6 Robustness

The method also seems quite robust. The cancellation problem when computing
ko is avoided by using the proper expression. Another cancellation proble occurs
while computingR— 1/Q%+ R2 whenR > Q. However, this has no consequence

as it affects only th& term which in this case is much smaller tiaand onlyS+T

is used to compute the solution. As the algorithm converges, all the coefficients
also convergeld a, B, Vv, 0, a1, a, az, Q, R, S T). There is no numerical explosion
anywhere.

10



A Approximate formulas

The technical manual fadBeocentric Datum of Australiprovides direct transfor-
mation formula$ that we reproduce here, after having renamed some parameters
to be consistent with our notation and to correct an ambiduépd after having
replaced an equality sign by an approximation sign:

z(1— f)+ f(2— f)aesintu

(16) tan ~ (1—f)(r — f(2— f)accosu)
where

Z Ae
(17) taru = - (1—f)+f(2—f)ﬁ

Some numerical checks show that these expressions are very good approxima-
tion but that they can be applied only for almost spherical bodies. For the Earth, the
maximal error are about 18' degrees in latitude and>210-° metres in altitude!

However, when we consider very flat ellipses (for examipie 0.9), the errors
become tremendous (more than 100 degreefs)on

2http://www.anzlic.org.au/icsm/gdatm/xyzcd.htm , but this URL seems not
valid anymore
3f was used in the document for both the flatness and the latitude

11



B Numerical example

The following example show the first iterations of the algorithm for a very flat
ellipse:

a. =100
f=09

We consider a test poirt having the following coordinates:

¢=75 N r =93.7139699
h=0.1 z= 3.5930796

We assume we know onlyandz and want to compute the unknowrandh.
Equations (6) give us the tangent of the half slope:

to = 0.0191634

Applying equation (7), we get the signed distance betweand the intersec-
tion of the first line and the ellipse:

ko =0.3419763= ¢o = 75.3818944

¢ From this value ok, we deduce the first coefficients (3, y and d of the
quartic (we don’t compute). We reduce it to a cubic using the already known root

to:
a; = —3.5542558

P tar?+at+a3=0 where { ap= 13365805
az = —3.5478057
This polynomial has only one real root:
fo = 3.4640705= o = 147.7954987 = $o = 745916410

The middle point betweefg anddg is the best approximation we have at the
end of this first iteration:
1 =749867677

We know an upper bound for the error of this approximation is the half-width
of the interval, which is 8951267 (in fact the error is about 30 times smaller). As
we consider this is too much, we compute the starting values for a second iteration:

ki = 0.1005980 t; =0.8577741

The steps of the second iteration are similar to the steps of the first one. They
lead to the following result:

$1 = 75.0132026

So at the end of the second iteration, we have an estifnate 74.9999852
and an upper bound of its error 0f0132174 (the real error being almost 900
times smaller).

12



C Implementation

An implementation in the Java language of the algorithms explained in this paper
is available in source form as a stand-alone filletgi://www.spaceroots.
org/documents/distance/Ellipsoid.java . Itis included in a class
modelling an ellipsoid.

The language-independant form of this implementation follows. In order to
improve readability, some code optimizations have been removed (use of precom-
puted values lik¢1l— ), (1— f)2(r? —a?) 4 2% and others). The control parameters
of the algorithm are the maximal number of iterations and the two threshalold
€.

if (VIi2+22<egae)return ¢ =1/2, h=—(1-f)ae

inside— (1—f)2(r’—a?)+2 <0
CoS{ «— r/\r2+22

sind « z/Vr2+2

t—2z/ (r + \/m)

// distance to the ellipse along the current line as the root of a 2nd degree
// polynom closest to zero: ak? — 2bk+c =0

a«— (1— f)2cof T +sirf

b« (1— f)?rcosl +zsinZ

o (1- 12(r2-a) + #

k—c/(b+vb?—ac)

¢ « atanZz—ksing, (1— f)?(r —kcos{))

if (|kl <evr2+2z2)return ¢, h=Kk
begin loop for at most N iterations
// 4" degree normalized polynom describing circle/ellipse intersections

// T4+ bt3 4 ct? + d1 4 e = O (there is no need to compute e here)
A (1— N2((r+k)2—a)+ 2

b — —4kz/a
c—2[(1-f)2(r’—Kk2—ad)+2k*+ 7] /a
d—b

// reduce the polynom to degree 3 by removing the already known real root
/T +bt?+ct+d=0

b—b+t

C+—C+t

d—d+t

13



// find the other real root
Q« (3c—b%)/9
R« (b(9c— 2b?) — 27d) /54
D—Q3+R
if (D >=0) then
// beware that some programming languages do not provide a cubic root function,
// and that the power function does not accept negative arguments
// (both R+ +/D and R— v/D can be negative)
f—VR+vVD+vVR-vD-b/3
§ — atan2z(1+12) — 2kE, (1 — f)?[r(1+2) — k(1 —?)))
else
Q—-Q
8 — arccoRR/(Qv/Q)
t—2,/Qcog6/3)-b/3
¢ — atan2z(1+12) — 2kf, (1 - f)?[r(1+12) —k(1—?)))
if (§ x$ < O0)then
f— 2,/Qcog(6+2m)/3)—b/3
§ — atan2(z(1+12) — 2kf, (1— f)?[r(1+2) — k(1 —1?)])
if (§ x ¢ <O0)then
t — 2,/Qcog(6+4m)/3)—b/3
¢ — atanZz(1+12) — 2kf, (1 - f)?[r(1+1) — k(1 —?)))
end if
end if
end if

// -wise midpoint on the ellipse
A — |6 —0[/2
o —(9+9)/2

if (A <¢gc)return ¢, h= rcos¢+zsin¢—ae\/1— f(2— f)sirf¢

acCcosp
Br—r— 1-f(2—f)sirPo
ae(1-f)%sing
\/1-f(2—f)sirtd
k — w/A,?—FA%
if (inside) k — —k
t — Az/(Ar +K)

Ny — 72—

end loop

generate a convergence error

14



